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Abstract

This paper is focused on the study of combined effects of free convective heat and mass transfer on the steady two-dimensional, laminar,
polar fluid flow through a porous medium in the presence of internal heat generation and chemical reaction of the first order. The highly non-
linear coupled differential equations governing the boundary layer flow, heat and mass transfer are solved by using two-term perturbation method
with Eckert number E as perturbation parameter. The parameters that arise in the perturbation analysis are Eckert number E (viscous dissipation),
Prandtl number Pr (thermal diffusivity), Schmidt number Sc (mass diffusivity), Grashof number Gr (free convection), solutal Grashof number Gm,
chemical reaction parameter Δ (rate constant), internal heat generation parameter Q, material parameters α and β (characterizes the polarity of the
fluid), Cf (skin friction coefficient), Nusselt number Nu (wall heat transfer coefficient) and Sherwood number Sh (wall mass transfer coefficient).
Analytical expressions are computed numerically. Numerical results for the velocity, angular velocity, temperature and concentration profiles as
well as for the skin friction coefficient, wall heat transfer and mass transfer rate are obtained and reported graphically for various conditions to
show interesting aspects of the solution. Further, the velocity distribution of polar fluids is compared with the corresponding flow problems for a
viscous (Newtonian) fluid and found that the polar fluid velocity is decreasing.
© 2007 Published by Elsevier Masson SAS.
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1. Introduction

Many transport processes occurring both in nature and in in-
dustries involve fluid flows with the combined heat and mass
transfer. Such flows are driven by the multiple buoyancy effects
arising from the density variations caused by the variations in
temperature as well as species concentrations. Convective flows
in porous media have been extensively examined during the last
several decades due to many practical applications which can
be modeled or approximated as transport phenomena in porous
media. References of comprehensive literature surveys regard-
ing the subject of porous media can be had in most recent books
by Ingham and Pop [1], Nield and Bejan [2], Vafai [3], Pop and
Ingham [4] and Ingham et al. [5]. Coupled heat and mass trans-
fer problems in presence of chemical reaction are of importance
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in many processes and have, therefore, received considerable
amount of attention in recent times. In processes such as drying,
distribution of temperature and moisture over agricultural fields
and groves of fruit trees, damage of crops due to freezing, evap-
oration at the surface of a water body, energy transfer in a wet
cooling tower and flow in a desert cooler, heat and mass transfer
occur simultaneously. Possible applications of this type of flow
can be found in many industries. For instance, in the power in-
dustry, among the methods of generating electric power is one
in which electrical energy is extracted directly from a mov-
ing conducting fluid. Chemical reactions can be modeled as
either homogeneous or heterogeneous processes. This depends
on whether they occur at an interface or as a single phase vol-
ume reaction. A homogeneous reaction is one that occurs uni-
formly throughout a given phase. The species generation in a
homogeneous reaction is the same as internal source of heat
generation. On the other hand, a heterogeneous reaction takes
place in a restricted area or within the boundary of a phase.
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Nomenclature

C′ species concentration
C′

w surface concentration
C′∞ species concentration far from the surface
Ca,Cd are coefficients of couple stress viscosities
Cf skin friction co-efficient
D the effective diffusion co-efficient
E Eckert number
Cp specific heat at constant pressure
Gm solutal Grashof number
Gr Grashof number
g acceleration due to gravity
I a constant of dimension equal to that of the moment

of inertia of unit mass
K ′ permeability of the porous medium
K dimensionless permeability
k1 first order chemical reaction rate
Nu Nusselt number
Pr Prandtl number
Q0 heat generation co-efficient
Q heat generation parameter
Sc Schmidt number
Sh Sherwood number
T ′ temperature in the boundary layer
T ′∞ temperature of the fluid far away from the plate
T ′

w temperature at the wall
U ′∞ free-stream velocity
u′, v′ components of velocities along and perpendicular

to the plate, respectively

u dimensionless velocity
u0 zeroth order velocity
u1 first order velocity
v0 suction velocity
X′, Y ′ co-ordinate system
y dimensionless co-ordinate normal to the plate

Greek symbols

α,β material parameters characterizing the polarity of
the fluid

βc volumetric co-efficient of thermal expansion
βt volumetric co-efficient of expansion with concen-

tration
Δ chemical reaction parameter
γ spin gradient velocity
λ thermal conductivity of the fluid
ν kinematic viscosity of the fluid
νr rotational kinematic viscosity of the fluid
ρ density of the fluid
ρ∞ density of the fluid far away from the surface
Φ dimensionless concentration
Θ dimensionless temperature
Θ0 zeroth order temperature
Θ1 first order temperature
ω′ angular velocity component
ω dimensionless angular velocity
ω0 zeroth order angular velocity
ω1 first order angular velocity
It can therefore be treated as a boundary condition similar to
the constant heat flux condition in heat transfer. The study of
heat and mass transfer with chemical reaction is of great practi-
cal importance to engineers and scientists because of its almost
universal occurrence in many branches of science and engineer-
ing. Das et al. [6] have studied the effects of mass transfer on
the flow past impulsively started infinite vertical plate with con-
stant heat flux and chemical reaction. Diffusion of a chemically
reactive species from a stretching sheet is studied by Anders-
son et al. [7]. Anjalidevi and Kandasamy [8,9] have analyzed
the effects of chemical reaction, heat and mass transfer on lam-
inar flow without or with MHD along a semi infinite horizontal
plate. Muthucumaraswamy and Ganeshan [10–12] have stud-
ied the impulsive motion of a vertical plate with heat flux/mass
flux/suction and diffusion of chemically reactive species. The
flow and mass transfer on a stretching sheet with a magnetic
field and chemically reactive species are examined by Takhar et
al. [13]. Muthucumaraswamy [14] has analyzed the effects of a
chemical reaction on a moving isothermal vertical surface with
suction. Prasad et al. [15] have studied the effects of diffusion of
chemically reactive species of a non-Newtonian fluid immersed
in a porous medium over a stretching sheet. Ghaly and Seddeek
[16] have discussed the Chebyshev finite difference method for
the effects of chemical reaction, heat and mass transfer on lam-
inar flow along a semi infinite horizontal plate with temperature
dependent viscosity. Seddeek [17] has studied the finite element
method for the effects of chemical reaction, variable viscosity,
thermophoresis and heat generation/absorption on a boundary
layer hydromagnetic flow with heat and mass transfer over a
heat surface. Effects of chemical reaction, heat and mass trans-
fer along a wedge with heat source and concentration in the
presence of suction or injection are examined by Kandasamy
et al. [18]. Raptis and Perdikis [19] have discussed the vis-
cous flow over a non-linearly stretching sheet in the presence
of chemical reaction and magnetic field.

Quite a number of physical phenomena involve free convec-
tion driven by heat generation. The study of heat generation
in moving fluids is important in view of several physical prob-
lems such as those dealing with chemical reactions and those
concerned with dissociating fluids. Possible heat generation ef-
fects may change the temperature distribution and, therefore,
the particle deposition rate. This may occur in such applications
related to nuclear reactor cores, fire and combustion modeling,
electronic chips and semi conductor wafers. In fact, the litera-
ture is replete with examples dealing with heat transfer in lam-
inar flow of viscous fluids. Vajravelu and Hadjinicolaou [20]
have studied heat transfer characteristics in a laminar boundary
layer flow of a viscous fluid over a linearly stretching contin-



P.M. Patil, P.S. Kulkarni / International Journal of Thermal Sciences 47 (2008) 1043–1054 1045
uous surface with viscous dissipation and internal heat gener-
ation. In this analysis they have considered the volumetric rate
of heat generation, q ′′′ [W/m3] as

q ′′′ =
{

Q0(T
′ − T ′∞) for T � T∞

0 for T < T∞
where q ′′′ is internal volumetric heat generation and Q0 is the
heat generation coefficient. Effect of heat generation or absorp-
tion on free convective flow with heat and mass transfer in
geometries with and without porous media has been studied by
many scientists and technologists [21–29].

Recently, interest in problems of non-Newtonian fluids has
grown considerably because of more and more applications
in chemical process industries, food preservation techniques,
petroleum production and in power engineering. Many indus-
trial fluids are non-Newtonian in nature and their character-
istics are considered rheological. More particularly, slurries
(china clay and coal in water, sewage sludge, etc.), multiphase
mixtures (oil–water emulsions, gas–liquid dispersions such as
froths and foams, butter etc.), are non-Newtonian fluids. Further
more examples displaying a variety of non-Newtonian char-
acteristics include pharmaceutical formulations, cosmetics and
toiletries, paints, synthetic lubricants, biological fluids (blood,
synovial fluid saliva etc.), and foodstuffs (jams, jellies, soaps,
marmalades etc.). The non-Newtonian boundary layer flows
through a porous medium with heat and mass transfer are seen
in such wide applications as fluid film lubrication, analysis of
polymer in chemical engineering etc. Fossil fuels may saturate
underground beds and display non-Newtonian behavior. Sev-
eral models have been proposed to explain the non-Newtonian
behavior of fluids. The fluids which sustain couple stresses,
called polar fluids, model those fluids with micro-structures
which are mechanically significant when the characteristic di-
mension of the problem is of the same order of magnitude as
the size of the micro-structure. Extensive reviews of the the-
ory can be found in the review article by Cowin [30]. Since
the micro-structure size is the same as the average pore size,
it is relevant to study the flow of polar fluids through a porous
medium. The examples of fluids which can be modeled as po-
lar fluids are slurries, polymer solutions, mud, crude oil, body
fluids, lubricants with polymer additives, etc. The effects of
couple stresses on the flow through a porous medium have been
investigated by Raptis [31] and Patil and Hiremath [32]. Hire-
math and Patil [33] have analyzed the free convection effects
on the oscillatory flow of couple stress fluids through a porous
medium. In this analysis, the effect of couple stresses in the
Darcy resistance was not considered. Sharma and Gupta [34]
examined the effects of thermal convection in micropolar flu-
ids in porous medium. Effect of rotation on thermal convection
in micropolar fluids through a porous medium have studied by
Sharma and Kumar [35]. Raptis and Takhar [36] have examined
steady flow of a polar fluid through a porous medium by using
the generalized Forchheimer’s model. Sharma and Thakur [37]
have analysed the effects of MHD on couple stress fluid heated
from below in porous medium. Sharma and Sharma [38] have
discussed effects of the thermosolutal convection of micropo-
lar fluids with MHD through a porous medium. Kim [39] has
examined the unsteady convection flow effects of micropolar
fluids through a porous medium in which, free-stream veloc-
ity consisting of a mean velocity and temperature with super
imposed exponentially small variation with time is considered.
Kim [40] has analysed the unsteady MHD convection flow of
polar fluids past a vertical moving porous plate in a porous
medium. Ibrahim et al. [41] have examined the effects of un-
steady MHD micropolar fluid flow over a vertical porous plate
through a porous medium in the presence of thermal and mass
diffusion with a constant heat source. The effect of heat and
mass transfer on MHD micropolar flow over a vertical mov-
ing porous plate in a porous medium has studied by Kim [42].
Hassanein et al. [43] have examined the effects of natural con-
vection flow of micropolar fluid from a permeable uniform heat
flux surface in porous medium. Sharma and Sharma [44] have
discussed the couple stress fluid permeated with suspended par-
ticles heated and soluted from below in porous medium. Ogulu
[45] has studied the effect of oscillating temperature flow of a
polar fluid past a vertical porous plate in the presence of couple
stresses and radiation. Rehman and Sattar [46] have analyzed
the effects of magnetohydrodynamic convective flow of a mi-
cropolar fluid past a continuously moving porous plate in the
presence of heat generation/absorption. The effect of rotation
on a layer of micropolar ferromagnetic fluid heated from below
saturating a porous medium are investigated by Sunil et al. [47].

In the present paper, the Authors propose to study the ef-
fects of chemical reaction and internal heat generation on the
free convective flow with heat and mass transfer of a polar
fluid through porous medium in the presence of couple stresses.
Examples of present physical flow situation are: (i) the heat re-
moval of nuclear fuel debris buried in the deep sea-bed and
(ii) heat recovery from geothermal systems. The flow config-
uration is modeled as hot vertical plate bounding the porous
region filled with water containing soluble and insoluble chem-
ical materials. Such a fluid is modeled as polar fluids. The flow
is due to buoyancy forces generated by the temperature gradi-
ent. The analysis of the results obtained reveals that the flow
field is influenced considerably by the presence of chemical re-
action, internal heat source, viscous and Darcy’s dissipation.

2. Mathematical analysis

We consider steady, laminar, two-dimensional free convec-
tive flow of a viscous incompressible polar fluid with mass
transfer through a porous medium occupying a semi-infinite re-
gion of the space bounded by an infinite vertical porous plate.
The X′ is taken along the vertical plate and Y ′ is normal to
it. The velocity, the angular velocity, the temperature and the
species concentration fields are (u′, v′,0), (0,0,ω′), T ′ and C′
respectively. The surface is maintained at a constant temper-
ature T ′

w different from the porous medium temperature T ′∞
sufficiently away from the surface and allows a constant suc-
tion. A heat source is placed within the flow to allow possible
heat generation effects. The concentration of diffusing species
is assumed to be very small in comparison with other chemi-
cal species which are present, the concentration of species far
from the surface C′ , is infinitely small [48] and hence the
∞
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Fig. 1. Physical model and co-ordinate system.

Soret and Dufour effects are neglected. However, the effects
of the viscous dissipation and Darcy dissipation (ignoring the
contribution due to couple stresses as a first approximation)
are accounted in the energy balance equation. The chemical
reactions are taking place in the flow and all thermo physi-
cal properties are assumed to be constant. The flow is due to
buoyancy effects arising from density variations caused by dif-
ferences in the temperature as well as species concentration.
The governing equations for this physical situation are based
on the usual balance laws of mass, linear momentum, angu-
lar momentum, energy and mass diffusion modified to account
for the physical effects mentioned above. These equations are
given by

∂v′

∂y′ = 0 (1)

v′ ∂u′

∂y′ = gβt (T
′ − T ′∞) + gβc(C

′ − C′∞) + (ν + νr)
∂2u′

∂y′2

+ 2νr

∂ω′

∂y′ − ν + νr

K ′ u′ (2)

v′ ∂ω′

∂y′ = γ

I

∂2ω′

∂y′2 (3)

v′ ∂T ′

∂y′ = λ

ρCp

∂2T ′

∂y′2 + ν

Cp

(
∂u′

∂y′

)2

+ ν

K ′Cp

u′2

+ Q0

ρCp

(T ′ − T ′∞) (4)

v′ ∂C′

∂y′ = D
∂2C′

∂y′2 − k1C
′ (5)

after employing the “volume averaging” process [49], and
γ = (Ca +Cd)/I . Following D’ep [50], the appropriate bound-
ary conditions are:

y′ = 0: u′ = 0,
∂ω′

∂y′ = −∂2u′

∂y′2 , T ′ = T ′
w, C′ = C′

w

y′ → ∞: u′ → 0, ω′ → 0, T ′ → C′
w, C′ → C′∞ (6)
The boundary conditions (6) are derived from the assump-
tion that the couple stresses are dominant during the rotation of
the particles.

The integration of the continuity equation (1) yields

v′ = −v0 (7)

where v0 the constant suction velocity at the wall and the neg-
ative sign indicates that the suction velocity is directed towards
the plate.

Introducing the following non-dimensional quantities:

y = y′v0/ν, u = u′/v0, Θ = (T ′ − T ′∞)/(T ′
w − T ′∞)

Φ = (C′ − C′∞)/(C′
w − C′∞), ω = ω′ν/v0, α = νr/ν

β = Iν/γ, Pr = ρνCp/λ, E = v2
0/Cp(T ′

w − T ′∞)

Gr = νgβt (T
′
w − T ′∞)/v3

0, Gm = νgβc(C
′
w − C′∞)/v3

0

K = K ′v2
0/ν2, Q = Q0ν/ρCpv2

0, Sc = ν/D

Δ = k1ν/v2
0 (8)

into Eqs. (2)–(5) and in view of Eq. (7), we obtain the non-
dimensional equations:

(1 + α)u′′ + u′ − 1 + α

K
u = −{Gr Θ + GmΦ + 2αω′} (9)

ω′′ + βω′ = 0 (10)

Θ ′′ + Pr Θ ′ − Pr QΘ = −Pr E

{
u′2 + u2

K

}
(11)

Φ ′′ + ScΦ ′ − ScΔΦ = 0 (12)

and the boundary conditions (6) reduce to the non-dimensional
form:

y = 0: u = 0, ω′ = −u′′, Θ = 1, Φ = 1

y → ∞: u → 0, ω → 0, Θ → 0, Φ → 0 (13)

where prime denotes the differentiation with respect to y. The
mathematical statement of the problem is now complete and
now move on to obtain the solution of Eqs. (9)–(12) subject to
boundary conditions (13).

3. Solution of the problem

The solution of Eq. (12) subject to the corresponding bound-
ary conditions (13) is

Φ(y) = Exp(R1y) (14)

where R1 = −Sc−
√

Sc2+4 ScΔ
2 .

The problem posed in Eqs. (9)–(11) subject to the boundary
conditions presented in Eq. (13) are highly non-linear, coupled
equations and generally will involve a step by step numerical
integration of the explicit finite difference scheme. However,
analytical solutions are possible. Since viscous dissipation pa-
rameter E is very small in most of the practical problems and
therefore, we can advance an asymptotic expansion with E as
perturbation parameter for the velocity, angular velocity and
temperature as follows:
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u(y) = u0(y) + Eu1(y) + O(E2) (15)

ω(y) = ω0(y) + Eω1(y) + O(E2) (16)

Θ(y) = Θ0(y) + EΘ1(y) + O(E2) (17)

where the zeroth order terms correspond to the case in which
the viscous and Darcy’s dissipation is neglected (E = 0). The
substitution of Eqs. (15)–(17) into Eqs. (9)–(11) and the condi-
tions (13), we get the following system of equations.

Zeroth-order:

(1 + α)u′′
0 + u′

0 − 1 + α

K
u0 = −{Gr Θ0 + GmΦ + 2αω′

0} (18)

ω′′
0 + βω′

0 = 0 (19)

Θ ′′
0 + Pr Θ ′

0 − Pr QΘ0 = 0 (20)

subject to the reduced boundary conditions

y = 0: u0 = 0, ω′
0 = −u′′

0, Θ0 = 1

y → ∞: u0 → 0, ω0 → 0, Θ0 → 0 (21)

First-order:

(1 + α)u′′
1 + u′

1 − 1 + α

K
u1 = −{Gr Θ1 + 2αω′

1} (22)

ω′′
1 + βω′

1 = 0 (23)

Θ ′′
1 + Pr Θ ′

1 − Pr QΘ1 = −Pr

{
u′2

0 + u2

K

}
(24)

subject to the reduced boundary conditions

y = 0: u1 = 0, ω′
1 = −u′′

1, Θ1 = 0

y → ∞: u1 → 0, ω1 → 0, Θ1 → 0 (25)

By solving Eqs. (18)–(20) under the conditions (21) and
Eqs. (22)–(24) under the conditions (25) and then substituting
the obtained solutions in Eqs. (15)–(17), we obtain

u(y) = C2 Exp(R5y) + A1 Exp(R3y) + A2 Exp(R1y)

+ A3 Exp(−βy)

+ E

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C4 Exp(R5y) + A14 Exp(R3y)

+ A15 Exp(2R5y) + A16 Exp(2R3y)

+ A17 Exp(2R1y) + A18 Exp(−2βy)

+ A19 Exp((R3 + R5)y)

+ A20 Exp((R1 + R5)y)

+ A21 Exp((R5 − β)y)

+ A22 Exp((R1 + R3)y)

+ A23 Exp((R3 − β)y)

+ A24 Exp((R1 − β)y)

+ A25C3 Exp(−βy)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+ O(E2) (26)

ω(y) = {C1 + EC3}Exp(−βy) + O(E2) (27)
Θ(y) = Exp(R3y) + E

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D1 Exp(R3y) + A4 Exp(2R5y)

+ A5 Exp(2R3y)

+ A6 Exp(2R1y)

+ A7 Exp(−2βy)

+ A8 Exp((R3 + R5)y)

+ A9 Exp((R1 + R5)y)

+ A10 Exp((R5 − β)y)

+ A11 Exp((R1 + R3)y)

+ A12 Exp((R3 − β)y)

+ A13 Exp((R1 − β)y)

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+O(E2) (28)

where R3,4 = −Pr∓
√

Pr2+4 Pr Q

2 and R5,6 = −1∓
√

1+ 4
K

(1+α)2

2 .
From the engineering point of view, the most important char-

acteristics of the flow are the skin friction co-efficient Cf , Nus-
selt Nu and Sherwood Sh numbers, which are given below:

Cf =
[

du

dy

]
y=0

=
[

du0

dy
+ E

du1

dy

]
y=0

= R5C2 + R3A1 + R1A2 − βA3 (29)

+ E

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

R5C4 + R3A14 + 2R5A15 + 2R3A16
+ 2R1A17 − 2βA18 + (R3 + R5)A19
+ (R1 + R5)A20 + (R5 − β)A21
+ (R1 + R3)A22 + (R3 − β)A23
+ (R1 − β)A24 − βC3A25

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(30)

Nu = −
[

dΘ

dy

]
y=0

= −
[

dΘ0

dy

]
y=0

− E

[
dΘ1

dy

]
y=0

(31)

= −R3 − E

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

D1R3 + 2R5A4 + 2R3A5 + 2R1A6
− 2βA7 + (R3 + R5)A8
+ (R1 + R5)A9 + (R5 − β)A10
+ (R1 + R3)A11 + (R3 − β)A12
+ (R1 − β)A13

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(32)

and

Sh = −
[

dΦ

dy

]
y=0

= −R1 (33)

The remaining mathematical expressions involved in Eqs. (26)–
(28) are given in Appendix A.

4. Results and discussion

In order to study the behavior of velocity u, angular ve-
locity ω, temperature Θ and concentration Φ fields, a com-
prehensive numerical computation is carried out for various
values of the parameters that describe the flow characteristics
and the results are reported in terms of graphs. This is done in
order to illustrate the special features of the solutions. To be
more realistic, the values of Schmidt number (Sc) are chosen
for hydrogen (Sc = 0.22), water vapor (Sc = 0.62) and am-
monia (Sc = 0.78) at temperature 25 ◦C and one atmospheric
pressure. The values of Prandtl number (Pr) is chosen to be
Pr = 0.71,2.0,5.0,7.0,10.0. The effect of buoyancy is sig-
nificant for Pr = 0.71 (air) due to the lower density. Grashof
number (Gr) for heat transfer is chosen to be Gr = 0.0,2.0,4.0,
where Gr = 0.0 corresponds to the no free convection cur-
rents and for other values the physical situation corresponds to
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(a)

(b)

Fig. 2. Effects of Schmidt number Sc on velocity profiles.

the case of cooling of the surface. The solutal Grashof num-
ber (Gm) for mass transfer Gm = 0.0,2.0,4.0, corresponds to
cooling (Gr > 0) of the surface. The internal heat generation
parameter Q is chosen to be Q = 0.0,0.5,1.0,2.0,3.0, where
Q = 0.0 corresponds to the case of no heat source and chemical
reaction parameter Δ = 0.0,0.5,1.0,2.0,3.0, where Δ = 0.0
corresponds to the case of no chemical reaction. Due to non-
availability of experimental data for couple stress parameters
(α and β), the suitable representative values are chosen in order
to determine the polar effects on the flow characteristics.

Figs. 2 to 4 present typical profiles of the velocity and angu-
lar velocity for various values of Schmidt number (Sc), chemi-
cal reaction parameter Δ and the internal heat generation para-
meter Q, respectively. It is noted from Fig. 2 that an increase in
the values of Schmidt number (Sc), leads to a fall in the veloc-
ity of the polar fluid whereas in the case of Newtonian (viscous)
fluid, leads to a rise in the velocity. Further, it is observed that
(a)

(b)

Fig. 3. Effects of chemical reaction parameter Δ on velocity profiles.

the velocity of a polar fluid is found to decrease in comparison
with Newtonian (α = 0 and β = 0) fluid. The opposite behav-
ior is found in the case of angular velocity. The negative values
of the angular velocity indicate that the micro rotation of sub
structures in the polar fluid is clock-wise. This very behavior is
also observed in the variation of chemical reaction parameter Δ

from Fig. 3. The effects of internal heat generation parameter Q

on the velocity and angular velocity is displayed in Fig. 4. Due
to homogeneous chemical reaction and constant suction, it is
clear that as the parameter Q increases, in both the cases of po-
lar and Newtonian fluids, the velocity and angular velocity (in
magnitude) leads to a fall. Further, it is noticed that the velocity
of a Newtonian fluid is reduced remarkably as compared to the
polar fluid. The influence of internal heat generation is more on
the Newtonian fluid than that of a polar fluid. It is important to
note that, in all the cases, the effects of viscous and Darcy’s dis-
sipation are ignored (E = 0) which leads to a fall in the velocity
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(a)

(b)

Fig. 4. Effects of heat generation parameter Q on velocity profiles.

of polar fluid while they enhance in the case of Newtonian fluid.
To enhance the velocity of a polar fluid, viscous and Darcy’s
dissipation must be taken into account in the energy balance
law. The effects of viscous and Darcy’s dissipation may become
very important in several flow configurations occurring in the
engineering practice. In fact viscous and Darcy’s dissipation af-
fects strongly the heat transfer process whenever the operating
fluid a low thermal conductivity and a high viscosity. The effect
of velocity and angular velocity of the material (polar) parame-
ters α and β , Grashof number Gr, solutal Grashof number Gm,
permeability of the porous medium K and Prandtl number Pr
are observed from the Fig. 5. The velocity and angular velocity
fields are influenced by the combined effect of chemical reac-
tion, internal heat generation, constant suction and viscous and
Darcy’s dissipation. We observe that velocity increases as α,
Gr, Gm and K increase while it decreases as β and Pr increase.
The opposite behavior is found in the case of angular veloc-
(a)

(b)

Fig. 5. Velocity profiles for various parameters.

ity. From Eq. (26), we observe that the velocity boundary layer
has multiple boundary layer structure with thicknesses of order
R−1

5 , R−1
3 , R−1

1 and β−1. There exist sub layers essentially due
to the interaction among the velocity, the angular velocity, the
temperature and concentration fields.

Figs. 6 to 8 illustrate the influence of heat generation, chem-
ical reaction and Schmidt number on the dimensionless tem-
perature Θ . Owing to the presence of homogeneous chemical
reaction and constant suction, the thermal state of the fluid de-
creases causing lower thermal boundary layers as heat gener-
ation parameter Q increases. The effects of chemical reaction
and Schmidt number Sc are less as compared to the heat source.
The facts are seen from the Figs. 7 and 8. The reason is that
the viscous and Darcy’s dissipation terms are of second degree
in velocity and velocity gradient. The Schmidt number Sc and
chemical reaction parameter Δ effects on velocity field are not
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Fig. 6. Effects of heat generation parameter Q on temperature profiles.

Fig. 7. Effects of chemical reaction parameter Δ on temperature profiles.

significant enough to affect the temperature field considerably.
The relative influence of the polar (material) parameters α and
β , permeability of the porous medium K , Grashof number Gr,
solutal Grashof number Gm and Prandtl number Pr are also
investigated on the fluid temperature but the results are not pre-
sented herein for brevity. It is observed from these results that
the temperature distribution is slightly increased as α, Gr, Gm
and K increase while it is decreased as β and Pr increase as a
result of viscous and Darcy’s dissipation effect which acts as a
heat source and chemical reaction of first order. Eq. (28) indi-
cates the multiple boundary layer structure of thermal boundary
layer with dominant layer of order R−1

3 . Also there exist sub
layers due to the interaction of temperature field with the veloc-
ity, the angular velocity and the concentration fields.

Figs. 9 and 10 show typical concentration profiles for var-
ious values of the Schmidt number Sc and the chemical reac-
tion parameter Δ, respectively. It is clear from Figs. 9 and 10
Fig. 8. Effects of Schmidt number Sc on temperature profiles.

Fig. 9. Effects of Schmidt number Sc on concentration profiles.

Fig. 10. Effects of chemical reaction parameter Δ on concentration profiles.
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(a) (b)

(c)

Fig. 11. (a) Effects of polar parameter α on skin friction against chemical reaction parameter Δ. (b) Effects of Gr and Gm on skin friction against chemical reaction
parameter Δ. (c) Effects of polar parameter α and permeability K on skin friction against heat generation parameter Q.
that the concentration boundary layer thickness decreases as
the Schmidt number Sc and chemical reaction parameter Δ in-
crease; this is analogous to the effect of increasing the Prandtl
number Pr on the thickness of a thermal boundary layer.
Eq. (14) implies that the species diffusion boundary layer thick-
ness of order R−1

1 .
The skin friction (Cf ), the wall heat transfer (Nu) and the

wall mass transfer (Sh) coefficients are plotted in Figs. 11
to 13, respectively. In Fig. 11, skin friction coefficient is plot-
ted against chemical reaction parameter Δ and heat generation
parameter Q. It is observed that the wall slope of the velocity in-
creases against the chemical reaction parameter Δ, as the polar
parameter α, Grashof number Gr and solutal Grashof num-
ber Gm increase (Fig. 11(a), (b)) while it decreases with K and
increases with α as the heat generation parameter Q increases
(Fig. 11(c)). The variation of skin friction coefficient Cf with
chemical reaction parameter Δ shows anomalous behavior at a
critical chemical reaction parameter. As material parameter α

increases this anomalous behavior is more significant and is
observed at lower critical chemical reaction parameter. For ex-
ample α = 0.1, α = 0.3, α = 0.5 the critical chemical reaction
parameter Δ = 2.5,2.0,1.5, respectively. This similar observa-
tion is found in figure (b) and (c) also. Fig. 12 shows that the
wall slope of the temperature profile increases as either Pr or Q

increases. This is consistent with Fig. 12. Finally, Fig. 13 dis-
play the influence of chemical reaction parameter Δ on the wall
mass transfer in terms of Sherwood number Sh in the absence of
viscous and Darcy’s dissipations. It is observed that wall mass
transfer increases as either chemical reaction parameter Δ or
Schmidt number Sc is increased.
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Fig. 12. Effects of Prandtl number Pr on wall heat transfer Nu against heat
generation parameter Q.

Fig. 13. Effects of Schmidt number Sc on wall mass transfer Sh against chemi-
cal reaction parameter Δ.

5. Conclusions

The work considered herein reflects the effects of chemi-
cal reaction, constant suction and internal heat generation on
steady, laminar, viscous incompressible free convective flow of
a polar fluid through a porous medium occupied by a semi in-
finite region of the space over a porous flat surface. A set of
non-linear coupled differential equations governing the fluid ve-
locity, angular velocity, temperature and species concentration
is solved by two-term perturbation method. The parameters that
arise in the perturbation analysis are Eckert number E (viscous
dissipation), Prandtl number Pr (thermal diffusivity), Schmidt
number Sc (mass diffusivity), Grashof number Gr (free convec-
tion), solutal Grashof number Gm, chemical reaction parameter
Δ (rate constant), internal heat generation parameter Q, mater-
ial parameters α and β (characterizes the polarity of the fluid),
Cf skin friction coefficient, Nu Nusselt number Nu (wall heat
transfer coefficient) and Sherwood number Sh (wall mass trans-
fer coefficient). A comprehensive set of graphical results for
the velocity, angular velocity, temperature and concentration is
presented and discussed. It is found that the velocity of the po-
lar fluid is considerably reduced as compared to the Newtonian
fluid in the presence of combined effects of chemical reaction,
constant suction, internal heat generation and viscous and Dar-
cy’s dissipation.

Appendix A

The mathematical expressions appeared in Eqs. (26)–(28)
are as follows.

A1 = −Gr

(1 + α)(R3 − R5)(R3 − R6)

A2 = −Gm

(1 + α)(R1 − R5)(R1 − R6)

A3 = 2αβ

(1 + α)(β + R5)(β + R6)

A4 = −Pr C2
2(R2

5 + K−1)

(2R5 − R3)(2R5 − R4)

A5 = −Pr A2
1(R

2
3 + K−1)

R3(2R3 − R4)

A6 = −Pr A2
2(R

2
1 + K−1)

(2R1 − R3)(2R1 − R4)

A7 = −Pr A2
3C

2
1(β2 + K−1)

(2β + R3)(2β + R4)

A8 = −2 Pr A1C2(R3R5 + K−1)

R5(R3 + R5 − R4)

A9 = −2 Pr A2C2(R1R5 + K−1)

(R1 + R5 − R3)(R1 + R5 − R4)

A10 = −2 Pr A3C1C2(K
−1 − R5β)

(R5 − β − R3)(R5 − β − R4)

A11 = −2 Pr A1A2(R1R3 + K−1)

R1(R1 + R3 − R4)

A12 = 2 Pr A1A3C1(K
−1 − R3β)

β(R3 − β − R4)

A13 = −2 Pr A2A3C1(K
−1 − R1β)

(R1 − β − R3)(R1 − β − R4)

A14 = −Gr D1

(1 + α)(R3 − R5)(R3 − R6)

A15 = −Gr A4

(1 + α)R5(2R5 − R6)

A16 = −Gr A5

(1 + α)(2R3 − R5)(2R3 − R6)

A17 = −Gr A6

(1 + α)(2R1 − R5)(2R1 − R6)
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A18 = −Gr A7

(1 + α)(2β + R5)(2β + R6)

A19 = −Gr A8

(1 + α)R3(R3 + R5 − R6)

A20 = −Gr A9

(1 + α)R1(R1 + R5 − R6)

A21 = Gr A10

(1 + α)β(R5 − β − R6)

A22 = −Gr A11

(1 + α)(R1 + R3 − R5)(R1 + R3 − R6)

A23 = −Gr A12

(1 + α)(R3 − β − R5)(R3 − β − R6)

A24 = −Gr A13

(1 + α)(R1 − β − R5)(R1 − β − R6)

A25 = A3C3

C1 = A1(R
2
5 − R2

3) + A2(R
2
5 − R2

1)

A3(β2 − R2
5) − β

C2 = A3(R
2
3A1 + R2

1A2) + (A1 + A2)(β − β2A3)

A3(β2 − R2
5) − β

C3 = H2 − H1R
2
5

A25(β2 − R2
5) − β

C4 = H1(β
2A25 − β) − H2A25

A25(β2 − R2
5) − β

D1 = −
13∑
i=4

Ai

H1 = −
24∑

j=14

Aj

H2 = −

⎧⎪⎪⎨
⎪⎪⎩

R2
3A14 + 4R2

5A15 + 4R2
3A16 + 4R2

1A17 + 4β2A18

+ (R3 + R5)
2A19 + (R1 + R5)

2A20

+ (R5 − β)2A21 + (R1 + R3)
2A22

+ (R3 − β)2A23 + (R1 − β)2A24

⎫⎪⎪⎬
⎪⎪⎭

References

[1] D.B. Ingham, I. Pop (Eds.), Transport Phenomena in Porous Media, Perg-
amon, Oxford, 1998, vol. II (2000), vol. III (2005).

[2] D.A. Nield, A. Bejan, Convection in Porous Media, third ed., Springer,
New York, 2006.

[3] K. Vafai (Ed.), Handbook of Porous Media, Taylor & Francis, Baton Roca,
FL, 2005.

[4] I. Pop, D.B. Ingham, Convective Heat Transfer: Mathematical and Com-
putational Modeling of Viscous Fluids and Porous Media, Pergamon, Ox-
ford, 2001.

[5] D.B. Ingham, A. Bejan, E. Mamut, I. Pop (Eds.), Emerging Technologies
and Techniques in Porous Media, Kluwer, Dordrecht, 2004.

[6] U.N. Das, R.K. Deka, V.M. Soundalgekar, Effects of mass transfer on the
flow past an impulsively started infinite vertical plate with constant heat
flux and chemical reaction, Forsch. Ingenieurwes. 37 (1994) 659.

[7] H.I. Andersson, O.R. Hansen, B. Holmedal, Diffusion of a chemically re-
active species from a stretching sheet, Int. J. Heat Mass Transfer 37 (1994)
465.
[8] S.P. Anjalidevi, R. Kandasamy, Effects of chemical reaction heat and mass
transfer on laminar flow along a semi infinite horizontal plate, Heat Mass
Transfer 35 (1999) 465.

[9] S.P. Anjalidevi, R. Kandasamy, Effects of chemical reaction heat and mass
transfer on MHD flow past a semi infinite plate, Z. Angew. Math. Mech. 80
(2000) 697.

[10] R. Muthucumarswamy, P. Ganesan, On impulsive motion of a vertical
plate with heat flux and diffusion of chemically reactive species, Forsch.
Ingenieurwes. 66 (2000) 17.

[11] R. Muthucumarswamy, P. Ganesan, First order chemical reaction on flow
past an impulsively started vertical plate with uniform heat and mass flux,
Acta Mechanica 147 (2001) 45.

[12] R. Muthucumarswamy, P. Ganesan, Effects of suction on heat and mass
transfer along a moving vertical surface in the presence of chemical reac-
tion, Forsch. Ingenieurwes. 67 (2002) 129.

[13] H.S. Takhar, A.J. Chamkha, G. Nath, Flow and mass transfer on a stretch-
ing sheet with a magnetic field and chemically reactive species, Int. J.
Engrg. Sci. 38 (2000) 1303.

[14] R. Muthucumarswamy, Effects of chemical reaction on a moving isother-
mal vertical surface with suction, Acta Mechanica 155 (2002) 65.

[15] K.V. Prasad, S. Abel, P.S. Datti, Diffusion of chemically reactive species
of a non-Newtonian fluid immersed in a porous medium over stretching
sheet, Int. J. Nonlinear Mech. 38 (2003) 651.

[16] A.Y. Ghaly, M.A. Seddeek, Chebyshev finite difference method for the ef-
fects of chemical reaction, heat and mass transfer on laminar flow along a
semi infinite horizontal plate with temperature dependent viscosity, Chaos
Solitons Fractals 19 (2004) 61.

[17] M.A. Seddeek, Finite element method for the effects of chemical reac-
tion, variable viscosity, thermophoresis and heat generation/absorption on
a boundary layer hydromagnetic flow with heat and mass transfer over a
heat source, Acta Mechanica 177 (2005) 1.

[18] R. Kandasamy, K. Perisamy, K.K. Sivagnana Prabhu, Effects of chemi-
cal reaction, heat and mass transfer along a wedge with heat source and
concentration in the presence of suction or injection, Int. J. Heat Mass
Transfer 48 (2005) 1388.

[19] A. Raptis, C. Perdikis, Viscous flow over a non-linearly stretching sheet in
the presence of a chemical reaction and magnetic field, Int. J. Nonlinear
Mech. 41 (2006) 527.

[20] K. Vajravelu, A. Hadjinicolaou, Heat transfer in a viscous fluid over a
stretching sheet with viscous dissipation and internal heat generation, Int.
Comm. Heat Mass Transfer 20 (1993) 417.

[21] A.J. Chamkha, I. Camille, Effects of heat generation/absorption and ther-
mophoresis on hydromagnetic flow with heat and mass transfer over a flat
surface, Int. J. Numer. Methods Fluid Flow 10 (4) (2000) 432.

[22] A.J. Chamkha, Effects of heat generation on g-jitter induced natural con-
vection flow in a channel with isothermal or isoflux walls, Heat Mass
Transfer 39 (2003) 553.

[23] M.A. El-Hakiem, Natural convection in a micropolar fluid with thermal
dispersion and internal heat generation, Int. Comm. Heat Mass Trans-
fer 31 (8) (2004) 1177.

[24] S. Bagai, Effect of variable viscosity on free convection over a non-
isothermal axisymmetric body in a porous medium with internal heat
generation, Acta Mechanica 169 (2004) 187.

[25] M.M. Molla, M.A. Hossain, L.S. Yao, Natural convection flow along a
vertical wavy surface with uniform surface temperature in presence of heat
generation/absorption, Int. J. Thermal Sci. 43 (2004) 157.

[26] F.M. Hady, R.A. Mohamed, A. Mahdy, MHD free convection flow along a
vertical wavy surface with heat generation or absorption effect, Int. Comm.
Heat Mass Transfer 33 (2006) 1253.

[27] M.M. Molla, M.A. Hossain, M.C. Paul, Natural convection flow from an
isothermal horizontal circular cylinder in presence of heat generation, Int.
J. Engrg. Sci. 44 (2006) 949.

[28] A.J. Chamkha, A.F. Al-Mudhaf, I. Pop, Effect of heat generation or ab-
sorption on thermophoretic free convection boundary layer from a vertical
flat plate embedded in a porous medium, Int. Comm. Heat Mass Trans-
fer 33 (2006) 1096.

[29] M.E. Ali, The effect of lateral mass flux on the natural convection bound-
ary layers induced by a heated vertical plate embedded in a saturated



1054 P.M. Patil, P.S. Kulkarni / International Journal of Thermal Sciences 47 (2008) 1043–1054
porous medium with internal heat generation, Int. J. Thermal Sci. 46
(2007) 157.

[30] S.C. Cowin, The theory of polar fluids, Adv. Appl. Mech. 14 (1974) 279.
[31] A. Raptis, Effects of couple stresses on the flow through a porous medium,

Rheol. Acta 21 (1982) 736.
[32] P.M. Patil, P.S. Hiremath, A note on the effects of couple stresses on the

flow through a porous medium, Rheol. Acta 31 (1992) 206.
[33] P.S. Hiremath, P.M. Patil, Free convection effects on the oscillatory flow of

a couple stress fluid through a porous medium, Acta Mechanica 98 (1993)
143.

[34] R.C. Sharma, M.A. Gupta, Thermal convection in micropolar fluids in
porous medium, Int. J. Engrg. Sci. 33 (1995) 1887.

[35] R.C. Sharma, P. Kumar, Effect of rotation on thermal convection in mi-
cropolar fluids in porous medium, Indian J. Pure Appl. Math. 29 (1998)
95.

[36] A. Raptis, H.S. Takhar, Polar fluid through a porous medium, Acta Me-
chanica 135 (1999) 91.

[37] R.C. Sharma, K.D. Thakur, On couple stress fluid heated from below in
porous medium in hydromagnetics, Czech. J. Phys. 50 (2000) 753.

[38] V. Sharma, S. Sharma, Thermosolutal convection of micropolar fluids in
hydromagnetics in porous medium, Indian J. Pure Appl. Math. 31 (2000)
1353.

[39] Y.J. Kim, Unsteady convection flow of micro polar fluids past a vertical
porous plate embedded in a porous medium, Acta Mechanica 148 (2001)
105.

[40] Y.J. Kim, Unsteady MHD convection flow of polar fluids past a vertical
moving porous plate in a porous medium, Int. J. Heat Mass Transfer 44
(2001) 2791.
[41] F.S. Ibrahim, I.A. Hassanien, A.A. Bakr, Unsteady magnetohydrodynamic
micropolar fluid flow and heat transfer over a vertical porous plate through
a porous medium in the presence of thermal and mass diffusion with a
constant heat source, Can. J. Phys. 82 (2004) 775.

[42] Y.J. Kim, Heat and Mass transfer in MHD micropolar flow over a verti-
cal moving porous plate in a porous medium, Transport Porous Media 56
(2004) 17.

[43] I.A. Hassanien, A.H. Essawy, N.M. Moursy, Natural convection flow of
micropolar fluid from a permeable uniform heat flux surface in porous
medium, Appl. Math. Comput. 152 (2004) 3232.

[44] R.C. Sharma, M. Sharma, On couple stress fluid permeated with sus-
pended particles heated and soluted from below in porous medium, Indian
J. Phys. B 78 (2004) 189.

[45] A. Ogulu, On the oscillating plate temperature flow of a polar fluid past a
vertical porous plate in the presence of couple stresses and radiation, Int.
Comm. Heat Mass Transfer 32 (2005) 1231.

[46] M.M. Rahman, M.A. Sattar, Magnetohydrodynamic convective flow of a
micropolar fluid past a continuously moving porous plate in the presence
of heat generation/absorption, ASME J. Heat Transfer 128 (2006) 142.

[47] Sunil, A. Sharma, P.K. Bharti, R.G. Shandil, Effect of rotation on a layer
of micropolar ferromagnetic fluid heated from below saturating a porous
medium, Int. J. Engrg. Sci. 44 (2006) 683.

[48] R. Byron Bird, W.E. Stewart, E.N. Lightfoot, Transport Phenomena, John
Wiley and Sons, New York, 1992, p. 605.

[49] S. Whitaker, Advances in theory of fluid motion in porous media, Indian
Engrg. Chem. 61 (12) (1969) 14.

[50] N.V. D’ep, Equations of a fluid boundary layer with couple stresses, Prikl.
Math. Mech. 32 (1968) 748, J. Appl. Math. Mech. 32 (1968) 777–783.


